Abstract. If T is an algebraic torus defined over a discretely valued field K with perfect residue field k, we relate the K-cohomology of T to the k-cohomology of certain objects associated to T . When k has cohomological dimension ≤ 1, our results have a particularly simple form and yield, more generally, isomorphisms between Borovoi's abelian K-cohomology of a reductive group G over K and the k-cohomology of a certain quotient of the algebraic fundamental group of G.
Introduction
Let A be a complete discrete valuation ring with field of fractions K and perfect residue field k. Let k and K sep be fixed separable algebraic closures of k and K, respectively, and let g and G denote the corresponding absolute Galois groups. Further, let K nr denote the maximal unramified extension of K in K sep and let
nr be the inertia subgroup of G. Then there exists a canonical isomorphism of groups G/I = g. If M is a G-module, M I will denote the g-module of I-coinvariants of M. Now let T be a K-torus and let X * (T ) (respectively, X * (T )) denote the G-module of characters (respectively, cocharacters) of T . Let T denote the Néron model of T over S := Spec A and let i : Spec k → S be the canonical closed immersion. The group of components of T , i.e., the (continuous) g-module φ(T ) which corresponds to theétale k-sheaf i * T /T 0 , was described by Xarles in [31] in terms of X We note that Bitan [2, (3.1) ] obtained his formula by combining work of Kottwitz [19, §7.2] and of Haines and Rapoport [24, Appendix] . Since [24, Appendix] depends on Bruhat-Tits, so does the proof of [2, (3.1) ]. Although Bitan's method can be extended to yield a proof of his formula for any perfect field k, in this paper we have chosen to generalize his formula by means of an explicit and functorial construction of the isomorphism of Theorem 1.1 independently of Bruhat-Tits theory.
The above theorem has a number of (immediate) consequences which shed new light on the present subject. For example, the theorem implies that the functor φ(−) transforms short exact sequences of K-tori into 6-term exact sequences of g-modules. See Proposition 3.8 for the precise statement.
In Section 4 we use Theorem 1.1 to relate the K-cohomology of T to the kcohomology of X * (T ) I . When k has cohomological dimension ≤ 1, our results have the following simple form.
Theorem 1.2 (=Theorem 4.5).
Assume that k has cohomological dimension ≤ 1. Then, for r = 1 and 2, there exist canonical isomorphisms of abelian groups
If r ≥ 3, the groups H r (K, T ) vanish.
In Section 5 we generalize the above theorem from K-tori to arbitrary connected reductive algebraic K-groups G. More precisely, let π 1 (G) be the algebraic fundamental group of G. Then the following holds.
Theorem 1.3 (=Theorem 5.1).
Assume that k has cohomological dimension ≤ 1 and let G be a connected reductive algebraic group over K. Then, for r = 1 and 2, there exist isomorphisms of abelian groups
If r ≥ 3, the groups H r ab (K fl , G) vanish. Corollary 1.4 (=Corollary 5.2). Assume that k has cohomological dimension ≤ 1 and let G be a connected reductive algebraic group over K. Then there exists a bijection of pointed sets
In particular, H 1 (K, G) can be endowed with an abelian group structure. 
Now let X * (T ) := Hom K (G m,K , T ) be theétale K-sheaf of cocharacters of T and set X * (T ) = X * (T )(K sep ). We will identify X * (T ) with X * (T ) 
we will identify Y with h S (Y ), i.e., with theétale sheaf it represents. If S = Spec F , where F is a field, then
is, in fact, an equivalence of categories by [21, p. 54, last paragraph]. Now recall S = Spec A and i : Spec k → S. Let j : Spec K → S be the canonical morphism. The Néron model T of T over S is a smooth and separated S-group scheme which represents the sheaf j * T on theétale (in fact, small smooth) site over S. See [4, Proposition 10.1.6, p. 292]. With one exception (namely, in Proposition (2.2)(i)), we will regard j * T as anétale sheaf on S and identify it with (theétale sheaf on S represented by) T . Thus we may write j * T = T . The identity component T 
s is a smooth, connected and affine k-group scheme of finite type (see [ 
s has the following universal property: if E is anétale k-group scheme and T s → E is a homomorphism of k-group schemes, then there exists a unique homomorphism of k-group schemes π 0 (T s ) → E such that the following diagram commmutes
The k-group schemes T s and T 0 s represent theétale k-sheaves i * T and i * T 0 , i.e., we may write i * T = T s and i
asétale sheaves on Spec k. We will often identify theétale sheaf φ(T ) with the g- 
where the right-hand nontrivial morphism is induced by the valuation v :
2.2. Group Cohomology. Let J be a finite group. We will write |J | for its order and A J for the augmentation ideal of Z[J ], i.e., the kernel of the homomor-
The kernel of the canonical norm map
will be denoted by N M. Now recall that the Tate cohomology groups H r (J, M), for r ∈ Z, are defined as follows:
Note that, if J acts trivially on M and M is Z-free, then N M = 0 and therefore
Further, by [7, Chapter XII, Proposition 2.5, p. 236, and Exercise 3, p. 263], H r (J, M) is a finite group which is annihilated by |J | for every r ∈ Z. Next, if M is a finitely generated abelian group, we will write
Now assume that M is a Z-free and finitely generated J-module.
The latter sequence induces, in turn, a canonical isomorphism of abelian groups
On the other hand, by [7, Chapter XII,
Thus, for every r ∈ Z, there exists a canonical isomorphism of finite abelian groups (2.10)
Lemma 2.1. Let M be a Z-free and finitely generated J-module.
(i) There exists a canonical exact sequence of abelian groups
Let L be the minimal splitting field of T , i.e., the fixed field of the kernel of the canonical homomorphism G → Aut(X * (T )). We will write T L for the (split) L-torus T × Spec K Spec L. Let J be the inertia subgroup of Gal(L/K). Then I acts on the free and finitely generated Z-module X * (T ) through the finite quotient J and (2.9) is a map (2.14)
Note that, since
(T )) = 0 for any subgroup I ′ of I which acts trivially on X * (T ) (as I ′ is torsion and X * (T ) is torsion-free), the inflation-restriction exact sequence (see [25, 
Assume that the following conditions hold: (i) R 1 j * T 1 = 0 for the smooth topology on S, and
Proof. By (i), the sequence of Néron models 0 → T 1 → T 2 → T 3 → 0 is exact in the smooth topology. Thus, by [5, Theorem 2.3.1, p. 50], the induced sequence of
] is a finite g-submodule of φ(T 1 ), which is therefore zero by (ii). This completes the proof. 
where the latter sequence is the sequence (2.16) associated to the K-torus R
and let Q be the pushout of the canonical morphisms R
(m) = P appearing in (2.17) and (2.18), respectively. Thus there exists a canonical exact commutative diagram
where the top row is (2.17). By (2.18), the kernel of the left-hand vertical map in the above diagram equals R
, which immediately yields the formula
. Thus there exists a canonical exact sequence of K-tori
where P and Q are given by (2.19) and (2.20), respectively. Since P has multiplicative reduction, the following lemma is immediate from Corollary 2.3.
Lemma 2.5. The canonical resolution (2.21) induces an exact sequence of g-modules
Lemma 2.6. The canonical resolution (2.21) induces an exact sequence of g-modules
Proof. The J-homology sequence associated to the short exact sequence of J-modules
Since H 1 (J, X * (T )) is torsion and X * (P ) I = X * (P ) is torsion-free, the lemma follows. 
, where d is the dimension of T . Thus (2.20) yields a canonical exact sequence of G-modules
by Lemma 2.4, the J-cohomology sequence associated to the above short exact sequence yields an injection 
We will write X * (T ) I and X * (T ) I , respectively, for theétale k-sheaves that correspond to the continuous g-modules X * (T ) I and X * (T )
I (see [29, 
Proof. Since Ext 
The lemma is now clear.
Remark 3.2. The same argument that proves (3.2) yields a canonical isomorphism ofétale sheaves on S
I ∨ be the epimorphism ofétale sheaves which appears in the exact sequence of Lemma 3.
in the exact sequence (2.6). For arbitrary T , and via the identifications (3.2) and (3.3), v T is the morphism 
I ∨ corresponds to a homomorphism of k-group schemes T s → E, where E is theétale k-group scheme that represents X * (T )
I ∨ (see [29, Proposition II.9.2.3, p. 153]). By diagram (2.4), the latter homomorphism factors (uniquely) through a homomorphism of k-group schemes π 0 (T s ) → E. Thus there exists a commutative diagram ofétale k-sheaves
be the epimorphism of g-modules which corresponds to the vertical morphism in (3.5). Corollary 3.4. The map (3.6) induces an isomorphism of g-modules
Proof. This is immediate from the proposition and (2.8).
Proof. By [31, Proposition 2.7], φ(T ) is torsion free. Thus, by Corollary (3.4),
On the other hand, by
We note that, if T has multiplicative reduction (i.e., I acts trivially on X * (T )), then the isomorphism of the lemma is the isomorphism (2.15). Further, since the isomorphism of the previous lemma is canonical (i.e., functorial in T ), given a mor-
commutes. Now recall the canonical resolution (2.21)
where P and Q are given by (2.19) and (2.20), respectively. Since P has multiplicative reduction, we have H 1 (I, X * (P )) = 0. Further, H 1 (I, X * (Q)) = 0 by Lemma 2.7. Thus, by (3.7) and Lemmas 2.5, 2.6 and 3.5, there exists a canonical exact commutative diagram
It is now clear that there exists a unique isomorphism of g-modules β T : φ(T ) ∼ → X * (T ) I such that the following diagram, derived from (3.8),
commutes. The isomorphism thus defined fits into a commutative diagram
where q T and α T are the epimorphisms given by (3.1) and (3.6), respectively. 
In particular, φ(T ) tors is canonically isomorphic to
Proof. This follows from Theorem 1.1 together with (3.1).
Remark 3.7. By Lemma 2.4 and the corollary, T has unipotent reduction if, and only if, φ(T ) is finite. If this is the case, then there exists a canonical isomorphism of finite g-modules φ(
The following result clarifies the exactness properties of the functor φ(−).
Then the given sequence of K-tori induces an exact sequence of g-modules
Proof. The exactness of the sequence 0 → H 
By Theorem 1.1, the latter sequence can be identified with a sequence φ(
, and its kernel is therefore equal to the kernel of
It remains only to check exactness at φ(T 1 ). By [5, Theorem 2.3.4, p. 52], the kernel of φ(T 1 ) → φ(T 2 ) is a finite g-module, whence it agrees with Corollary 3.6) . Since the latter group agrees with the image of
The following corollary of the proposition generalizes Lemma 2.3.
is exact.
Proof. As seen in the above proof, the connecting homomorphism 
By (2.5), the above diagram yields an exact sequence 0 → T 
The Cohomology of Tori
All cohomology groups below are taken with respect to theétale topology on the relevant scheme.
Let T be a K-torus. The maximal subtorus T (m) of T having multiplicative reduction is the K-torus with character module NX * (T ) (see [ 
